Frames

Laplace
transforms 3

Learning outcomes

When you have completed this Programme you will be able to:
e Find the Laplace transforms of periodic functions

e Obtain the inverse Laplace transforms of transforms of periodic
functions

e Describe and use the unit impulse to evaluate integrals
e Obtain the Laplace transform of the unit impulse

e Use the Laplace transform to solve differential equations involving
the unit impulse

e Solve the equation and describe the behaviour of an harmonic
oscillator
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Laplace transforms of periodic
functions

Periodic functions

Let f(t) represent a periodic function with period T so that
f(t +nT) = f(t) with a graph of the following form

(o

f(t, +T)=1(t,)

0 t, T 44T 2T 3T t

If we describe the first cycle by f(t) then

= t) for0<t<T
f( = {fg) o(ﬁlerwise

The second cycle is identical to the first cycle except that it is shifted
by T units of time along the t-axis. Therefore the second cycle can be
described in terms of the Heaviside unit step function as
f(t = T)u(t — T). That is

2. o _ [f(®) forT<t<2T
fle=Tut-T)= { 0 otherwise

By this reasoning the periodic function f(t) is represented by

F6)=FOU®) +..oneenn...

ft)=Ff®ult)+ft-Tult—-T)+f(t-2T)u(t - 2T)+---

Because
u(t) switches on f(t) at time t = 0, u(t — T) switches on f(t — T) at
time t = T and u(t — 2T) switches on f(t — 2T) at time t = 2T, etc.
Consider now the Laplace transform of f(t). By definition

—_ 00 — T —
L{F(®) = | e*Feyae= | eira = Fs

because for t > T, f(t) = 0 and so the semi-infinite integral becomes an
integral just over the period of f(t). Using the second shift theorem
(see Frame 10 of Programme 3), the Laplace transform of f(t) is

L{f(t)} = L{f (Du(t)} + L{f(t — T)u(t - T)}
+L{f(t - 2T)u(t — 2T)} +---
That is
L{f)}=..ccevnn....
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L{f(t)} = F(s) + e TF(s) + e »TF(s) + - --

Because

L{f(t)u(t — ¢)} = e*L{f(t)} by the second shift theorem.
We can factor out F(s) and write L{f(t)} as
LIf®O}= (1 +e T +e 5T .. )F(s)

Now, do you remember the series 1+ x +x%+x3+...? This can be

written in closed form as

1+x+x2+x3+... =0

1ax+x2+x83+...=

1—x

Because

1
1-x

=1-x0)"'=14x+x2+23+...

either by the binomial theorem or by performing the long division.

So, if we let x = ¢T then

1+e T e T — ...

1+eT4e2T4 | =

1—esT

1

And so the Laplace transform of f(t) is given as

Lif®)}=1+e*T +e T+ .. )F(s) =

1

T
L{F(0) = g gy Fls) where F(5) = L St (t) dt

Note that we integrate e~!f(t) over one cycle, that is from t =0 to
t =T, and not from t = 0 to t = co as we did previously.

This is an important result. Make a note of it — then we shall apply it
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Example 1
Find the Laplace transform of the function f(t) defined by

023 92423} reva=ro

3 ————— ———— e ————

()

0 2 4 6 8 t

The expression for L{f(t)} is
............ (do not evaluate it yet)

4
LIF®) = fo | e FO

0

Because the period =4, i.e. T =4.
The function f(t) =3 forO<t <2 and f(t) =0for 2 <t < 4.

2
- L{f(t)} = lee_—“L et 3dt=...ooun.....

L)} = e

Because

o)== - = {(5) - ()

_ 3 1—e2) 3
Tl s T s(1+e %)

That is all there is to it. Now for another, so move on
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Example 2
Find the Laplace transform of the periodic function defined by
fey=t/2 0<t<3
ft+3)=f()

0 3 6 9 t

Because in this case, period = 3, i.e. T = 3.

L UAO) = | e

1 —le—ss Jz e (%) dt
L 2(l—e¥L{F()} = Jz t-etdt

Integrating by parts and simplifying the result gives
L{fO)r=.ccooooo....

L) = 5 {1 - e}

Because

21— ¥)L{f()} = Jz te st dt

—st\ 13 3
=[S il
—S 0 SJo

3¢¥ 1 [e’“] 3
B 0

M S|—S

3 e—3s —3s 1
2 52

L L) —izf 3“;;}
{1

=)
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Example 3
Sketch the graph of the function
f)=¢ 0<t<5

Ft+5) = (1)

and determine its Laplace transform.

First we sketch the graph of f(t), whichis......

f(D)

Clearly, period =5 .. T=3S5

1 L :
LIFO} =g | - FOd gives

L{FE} = eeeennn...

Complete the working

— e 56-1)

L{f(t)} = (——T—‘

e—Ss)

Because
S
L)} = 8_55 j st o dt
S (=)} = J e 6D

[e<s(s:n1t)]o it

e—56-1)

~L{f(D)}= W——

e55)

All very straightforward.

—-S(s—l)}
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Example 4
Determine the Laplace transform of the half-wave rectifier output
waveform defined by
f(t)=8sint O<t<nm
=0 T<t<2m

b rerzn=fo

Here the period is 2w i.e. T = 2x.
In general, for a periodic function of period T

1 2170)) T RNTT

1 T
LIF®) =1=gx | - FO

So, for this example

21
LF®) =g, " FO

S (= )L{f()} = J: et . 8sintdt
Writing sint as the imaginary part of e, i.e. sint = feft,
(1-e?™)L{f(t)} = &fJ:e*‘t -eltdt
=85 r e Nt gt
0

and this you can finish off in the usual manner, giving

210> T RTT
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8
Lif(0} = (s2+1)(1 —e™)

Because
(1- e )i @) =8-5 | e6Mar
0
e_(s"i)t T
—s-s[£ 5]
—(s—Nlo
-8
= 2 eGP _
=Sl -l
1 —ST ,jm
=8-S —[1-e*e
s—J
But ¢/ = cos +jsinm = —1.

L -y =s-sf e

- S-J{ S+ +e‘“)} - 8{“—“’%}

s2+1 s2+1
. 1 1+e™
cL L{f(t)}:l_e_m ><8{ 271 }
8

TA—em)(2+1)
Now let us consider the corresponding inverse transforms when
periodic functions are involved.

Inverse transforms

Finding inverse transforms of functions of s which are transforms of
periodic functions is not as straightforward as in earlier examples, for
the transforms result from integration over one cycle and not from
t =0 to t = co. Hence we have no simple table of inverse transforms
upon which to draw.

However, all difficulties can be surmounted and an example will
show how we deal with this particular problem.

Example 1
Determine the inverse transform
L_l{z +e % — 3e‘s}
S(1 — e %)
The first thing we see is the factor (1—e™*) in the denominator,

which suggests a periodic function of period 2 units, i.e.
T=2.
The key to the solution is to write (1 — e=%) in the denominator as
(1 - %)7" in the numerator and to expand this as a binomial series.
We remember that (1 -x)"1=............

ﬁﬁ where




Laplace transforms 3 119

A-x)'=14+x+x2+x3+...

(=) =14 (6) + (€2) 2+ (€ 2) +. ..
=1+e P te ¥4 s ...

—25 _ 2,—S
L L{F®) = E;(i___eg;_ = @re 3e)(1-e )

Z%(Z + e—Zs _ 36—3) (1 4 e—2s +e~4s + e—6s +e~8.s + .. )

We now multiply the second series by each term of the first in turn
and collect up like terms, giving
1 2 +2¢% +2¢% +2¢7% ...
Lif®)}=+ + e + e + e .
—3e$ ~3e73 ~3e™5

L{f(t)} = %{z —3et +3eF -3 ¥ 43¢ ¥ -3 +...}

—CS

. e . . .
Each term is of the form 5 SO expressing f(t) in unit step form,
we have

F(t) = 2u(t) — 3u(t — 1) + 3u(t — 2) — 3u(t — 3) + 3u(t — 4). ..

and from this we can sketch the waveform, which is therefore
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fHh=2 0O<t<1

2 1<t<z} Fit+2)=f(t)

The key to the whole process is thusto ............

express (1 — e;Ts) in the denominator
as (1—e )7 in the numerator and
to expand this as a binomial series.

We do this by making use of the basic series

A-0)"=1+x+2+x3+x4+...

Example 2

3(1—e)

; -1
Determine L {s =

} and sketch the resulting waveform of f(t).
3 —S —3s5\~1
L{if}=<(1—-e")(1-e™)

s
= e (next step)

L{f(t)} = %(1 e (1+eF e +e®+..)

which multiplied out gives

L{f()} = % (l-e*+e¥—e®tes_e+..)

3 3 3e73 3e % 36

N N N M N

And in unit step form, this gives

10 E T

f(t) =3u(t) - 3u(t —1)+3u(t—-3)-3u(t—4)+...

The waveform isthus ............
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f(o
3 ————————————— —— —
1 1

0 1 2 3 4 5 6 7 t

f)=3 O<t<1}

t+3)=f(t
f=0 1<t<3f [E+I=FO
And now, one more. They are all done in the same way

Example 3

—4s
EL{f(t)} = zisz — }a—ziFiT)' determine f(¢) and sketch the waveform.

1 t
The first term is easy enough. In unit step form L! {m} =5 u(t)

From the second term
2¢4 2( _ sy -1
O R G UL
=%{e‘4‘(1 +eBte et )}

Q¢4 g8 D125 9o-16s
s s s T s
Lf) = (in unit step form)

+...

F(t) =5 - u(t) — 2u(t — 4) — 2u(t — 8) — 2u(t ~12) — ...

Now we have to draw the waveform. Consider the function terms up
to each break point in turn.

0<t<4 f)=y FO)=0; f(4)=2
4<t<8 f(t):%—z F4)=0; f(8)=2
8<t<12 f(t):%—Z—z F8)=0; F(12)=2 etc.

So the waveform is ............
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0 4 8 12 16 t

Expressed analytically, we finally have
f)=F O<t<d, flt+4)=((t)

The Dirac delta - the unit impulse

So far we have dealt with a number of standard Laplace transforms and
then the Heaviside unit step function with some of its applications.
We now come to consider an entity that is different from any of the
functions we have used before because it is not a proper function.
Rather than being defined by its inputs and corresponding outputs it is
defined by its effect on other functions. If f(t) represents a function
then the Dirac delta §(t) is defined by the integral

| rese-ayar=re@

-0

8(t) is often referred to as the Dirac delta function even though it is
not a function in the conventional sense of being completely defined
in terms of its outputs for the corresponding inputs. The nearest that
can be achieved in defining it in function terms is

6(t)={0 t#0

undefined t=0
From the definition, if f(t) = 1 then

r St—a)dt=............

—0Q

r §(t —a)dt = 1

—00

Because
r f(t)é6(t —a)dt = f(a) and f(t) =1 so f(a) = 1, therefore

00
J 6(t — a)dt = 1 hence the name unit impulse.

—00

Also, if p < a < q then

q
J St—a)dt=............
p
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q
J ft—a)dt=1
P

Because

Jw 6(t—a)dt=r 6(t—a)dt+J:6(t—a)dt+ro6(t—a)dt
o0 —o0 q

q since §(t —a) =0
andg<t<oo

r
=1

q
So that J §(t—a)dt=1
?

Graphical representation

Graphically the Dirac delta or unit impulse §(t — a) is represented by
the horizontal axis with a vertical line of infinite length at t = a.

(1)

So far, then, we have
@ ré(t—a)dt= 1

4
) Ef(t) .8(¢ - a) dt = f(a)
provided, in each case, thatp <a < q.
Example 1
To evaluate J: (t*+4)-6(t—2)dt.

The factor §(t — 2) shows that the impulse occurs at t =2, i.e. a = 2.
fO=t2+4 . fla=f2)=4+4=8
r(tZ +4)-6(t—2)dt =f(2) =8
1
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Example 2

To evaluate JW cos 6t - §(t — w/2)dt.
0

rcos 6t-5(t—n/2)dt =f(n/2) =cos3m=—1
0

and in the same way
6
@) J 5 8(t—3)dt=..oveeenn.s
0
S
(b) j et §t—a)dt=............
2

© j:(?;tz —4t+5)-8(t—2)dt=............

6
@) JOS-é(t—B)dt=5x1=5

() E e s(t—4)dt=f(4)=[e¥],_=e€P

© J:(3t2—4t+5)~6(t—2)dt=12—8+5=9

Nothing could be easier. It all rests on the fact that, provided p < a < q

r fit)-6(t—a)ydt=............
p

f(a)

Now let us consider the Laplace transform of §(t - a).

On then to the next frame

Laplace transform of §(t-a)

We have already shown that

[[ro-s¢-aa=r@ p<a<q

»
Therefore, if p=0and g =
, f@-ét—a)dt=f(a)

Hence, if f(t) = e~%, this becomes

” et §(t —a)dt = L{§(t — a)}
Jo
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—as

i.e. the value of f(t), i.e. e, at t = a.
L{§(t—a)}=e*

It follows from this that the Laplace transform of the impulse function
at the originis ............

Because, for a =0, L{§(t —a)} = L{§(t)} =" =1
S L{sr=1

Finally, let us deal with the more general case of L{f(t)- 6(t — a)}.

We have L{f(t)-6(t —a)} = J e St.f(t)-§(t — a) dt. Now the integrand
0

est.f(t)- 6(t — a) = O for all values of t except at t = a at which point
et =%, and f(t) =f(a).

~ L) - 8(t—a)} = f(a) - j 8(t —a)dt

0

= f(@)- (1)
o L{f() - 8(t — )} = f(@)e™

Another important result to note. Then let us deal with some examples

We have L{f(t)-6(t —a)} =f(a) - e*

Therefore

(@ L{6-6(t—4)} a=4, .. L{6-6§t—4)}=6e*
®) L{t3-6t—2)} a=2, .. L{t3-6(t—2)}=8e>
Similarly

(©) L{sin3t-6(t—7/2)} =...ccce.....

Because

L{sin3t - 6(t — /2)} = [sin 3] /2 = _e~™/2

t=r/2 " e
and
(d) L{cosh2t-§(t)} =............
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Because
L{cosh2t-§(t)} = [cosh 2t],_ - €® = cosh0- (1) =1
So our main conclusions so far are as follows.

q
1 J ft—a)dt=............ provided ............
p

@) j: F£)-8(t—aydt=............ provided ............

G) L{s(t—a)} =...oen.....
@ LB} = evneenn...
) LIF(t) - S(t—a)y =.ovvnee...

q
1) J §(t —a)dt — 1 provided p < a < q
P

@) E £(t) - 6(t —a)dt = f(a) provided p < a < q

@B) L{t-a)}=e*
(4 L{5()} =1
©®) L{f(t)-6(t—a)} =f(a)-e*

Just check that you have noted this important list — the basis of all
work on the Dirac delta function.

Now for one further example on this section

Example

Impulses of 1, 4, 7 units occur at t = 1, £ = 3 and ¢ = 4 respectively, in
the directions shown.

(1)

1-8(t—1) |7'8(t—4)

0 1 2 3 4 t

45(t —3)
Write down an expression for f(t) and determine its Laplace
transform.
Wehave f(t)=1-6(t—1)—4-6(t—3)+7-6(t—4).
Then L{f()} =............
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L{f()} =e* —4e > + 7e*

and that is all there is to that.

The derivative of the unit step function
One further consideration is interesting.

Consider some function f(t) that is zero outside some finite interval
[a, D] of the real line. That is, f(t) =0 for t < a and £ > b, then

| ey at = poror.-o

where u(t) is the unit step function and f(t) is zero at the limits.

Now

|" morera=|" worgda | uworow
and so

r L(OF () dt = rw WD) (£) dt

This means that
ro ) dt = — J u(t)f'(t) dt

[oo]
ro f(t)dt Because the unit step
is zero for negative t

8

o

-[ro]

= ~f(00) +(0)

= Because f(co0) = 0 by
o) definition

= Joo S(Of (t)dt By the definition of
—co the Dirac delta

and so v/ (t) = é(t) — the unit impulse is equal to the derivative of the unit
step function.
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Differential equations involving
the unit impulse

Example 1

A system has the equation of motion
X+ 6x+8x=g(t)

where g(t) is an impulse of 4 units applied att = 5. Att =0, x =0 and
x = 3. Determine an expression for the displacement x in terms of ¢.

The impulse of 4 units is applied at t = 5. .". g(t) =4-6(t - 35).
L X+6x+8x=4-6(t-5) Att=0,x=0,x=3.
Taking Laplace transforms this differential equation becomes

(s2% — sxo — X1) + 6(sX — x0) + 8% = 4>

Now xp =0; x; =3
. $°X — 3+ 65X+ 8X = 4e”>
S (P+6s+8)x=3+4¢>
1

L X=(3+4e) GIO6TD

- 1 . . .
Writing GI967a in partial fractions, we get

= (3+4e-53){1.——1__1. 1 }

. ;Z—E 1 _ 1 42 e—Ss e—Ss
T T 2)s+2 s+4 S+2 s+4

Taking inverse transforms

x= %{e‘” —e ¥} 4+ Z{e"z(t's) Ut —5) — e D) Lyt - 5)}
= %{e‘” —e M} 4 2{e7 . 0.yt —5) —e .. ut - 5)}

which simplifiesto x=............
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X = e‘Zt{%+2«fz10 “u(t —- 5)} - e‘4’{%+ 2e20 . u(t - 5)}

Example 2

Solve the equation X + 4%+ 13x = 2. §(t) where, at t =0, x =2 and
x=0.

A+4x+13x=2-6(t) x=2x=0
Expressing in Laplace transforms, we have

(% — sx0 — x1) + 4(sX — x0) + 13X =2- (1)

Inserting the initial conditions and simplifying,

1

X=@2s+10) G 13

Rearranging the denominator by completing the square, this can be

written
Xx=(2s+ 10)——12—
(s+2)°+9
XS i
x = 2e % {cos 3t + sin 3t}
Because
7 2(s+2) 6

(s+2)°%+9 (s+2)%+9
. x=2e % cos3t + 2¢ % sin 3t
", x=2¢?*{cos 3t + sin 3t}
Now for one further example for you to work through on your own.

So move on
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Example 3
The equation of motion of a system is

X + 5% + 4x = g(t) where g(t) =3 - 6(t — 2).
At t=0, x=2 and x=—-2. Determine an expression for the
displacement x in terms of t.

We have % + 5x +4x = 3 - 6(t — 2) with xo = 2 and x; = -2.
As before, you can express this in Laplace transforms, substitute the
initial conditions, simplify to obtain an expression for x and finally
take inverse transforms to determine the required expression for x.

Work right through it carefully. It is good revision and there are
no snags.

x=et{2+2 ut-2)} - ult-2)

Here is the working for you to check.
X+5%+4x=3-6(t—2)with xp =2 and x; = -2
(% — sx0 — X1) + 5(sX — Xo) + 4% = 3¢

$2% — 25+ 2 + 55X — 10 + 4% = 37>
(> +55+4)x—25s—8 =3¢
So(s+1)(s+4)X=25+8+3e>
2(s+4) _2s 3

LX= e .
GrDGe+d) ¢ GrDe+d
2 (1 1
“syite {s+1—s+4}
_ 2 e o2
L X= +

s+1 s+1 s+4
Lx=2ettu(t—2) e _y(t —2). e 42
=2t +u(t-2)-f. et —ut-2)-e. e
X =e't{2+ez-u(t—2)} — 8 -€_4t-u(t—2)




Laplace transforms 3 131

Harmonic oscillators

If the position of a system at time ¢ is described by the expression f()
where f(t) satisfies the differential equation

af”(t) + bf () = 0, f(0) = a and '(0) = 8
(and where a and b have the same sign)

then, taking Laplace transforms of both sides gives
L{af"(t) + bf ()} = L{0}

That is
a[s*F(s) — sa — ] + b[F(s)] =0

Collecting like terms gives
(as® + b)F(s) = sa.+

giving

F(s) = sa+f

asz+b

and so

Therefore F(s) = szs_s_a(/}:l/)a) te f {Z/ a)

f) = %cos \/gt + gsin \/gt

The system executes simple harmonic, oscillatory motion with frequency

b 27 a
—radians per unit of time and with period ——— = 24 /. It is called
\/; P Perot oa = “"Vb

an harmonic oscillator. Let’s try some examples.

Example 1
Find the solution to the harmonic oscillator
f"(t) + 16f(t) = 0 where f(0) = 1 and f'(0) =0
Taking Laplace transforms gives
F(s)=............

S
FO=%716

Because
Taking Laplace transforms L{f”(t) 4+ 16f(t)} = L{0}.

That is s2F(s) — s + 16F(s) = 0 and so
s
Fo) =218
This means that
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f(t) = cos 4t

Because
s s
=i~ vr@
transforms on page 68.
The motion of this system is then periodic with frequency 4 radians
per unit of time and with period 27/4 = /2 units of time.

so f(t) = cos4t from the Table of Laplace

Example 2

The frequency and period of the harmonic oscillator whose position
f(t) satisfies the differential equation

5f"(t) + 10f(t) = O where £(0) = 0 and f'(0) = 4

is given as
frequency ............ radians per unit of time
and period ............ units of time
frequency v2 and period v2r
Because

Taking Laplace transforms gives
L{5f"(t) + 10f (t)} = L{0} that is 55’F(s) — 4 + 10F(s) = O so that
4 4/5
552410 s2+2
and from the Table of Laplace transforms on page 68

f(t) = 2T\/zsin V2t

E(s) =

This is periodic with frequency v2 radians per unit of time and
period 27/v/2 = v/2x units of time.
2vV2

Notice that the amplitude of the motion is 5

Damped motion
Consider the equation
Sf"(t) + 5f'(t) + 10f(t) = O where f(0) =0 and f'(0) = 4

This is the same as the last equation in Frame 54 with an extra term
added, namely 5f'(t). This term describes a particular effect on the
system as you will see from the solution.

Solving the differential equation gives
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f(t) = -53—7e-f/2 sin (ﬁt/z)

Because
Taking Laplace transforms gives
L{5f"(t) + 5f'(t) + 10f(t)} = L{0} that is
5(s2F(s) — 4) + 5sF(s) + 10F(s) = 0
so that
20 B 4 _ 4
s2+55+10 s2+s+2 (s+1/2)% + (ﬁ/z)z

and from the Table of Laplace transforms on page 68

ft) = %e‘t/z sin(ﬁt/z)

E(s) = g

This is periodic with frequency 1 radian per unit of time and period

27 units of time but with an amplitude that is decreasing with time.
The graph of this function is as follows

2 -

1-5

fo 14

0-5 1

0 . t

VAR
-0-5

-1 A

The effect of the 5f'(t) in the differential equation is to introduce
damping into the oscillatory motion so causing the oscillations to
decay. Let’s try another example.
Example 3
Consider the equation

5f"(t) + f'(t) + 10f (t) = O where f(0) = 0 and f'(0) = 4

This equation is again similar to the previous equation but with a
smaller damping term of f’(t) instead of 5f’(t). Then here
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f(t)—\/ng 01t sin /1-99¢

Because
Taking Laplace transforms gives
L{5f"(t) + f'(t) + 10f(t)} = L{O} that is
5(s%F(s) — 4) + sF(s) + 10F(s) =
so that

20 B 4 _ 4
524+ 15+10 s2+025+2 (s+0-1)2 + 199

E(s) =

and from the Table of Laplace transforms on page 68

f(t)= \/—14:9'5‘3_0“ sin v/1-99t

This is periodic with frequency v/'1-99 radians per unit of time and

period 27/+/1-99 units of time and with an amplitude that is
decreasing with time. The graph of this function is as follows

]

1

f(t)omﬂf\/\/\ﬁ ;

N v 10\/ 15 207 2 30

=2

_

-3 4

Again, the effect of the f'(t) in the differential equation is to introduce
damping into the oscillatory motion so causing it to decay. Also
because the coefficient of f'(t) is smaller in this example, the damping
is less severe.
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Forced harmonic motion with
damping

The equation
f'(t) +f'(t) +f(t) = ¢ where f(0) =0 and f'(0) =0
we know would represent damped harmonic motion were it not for

the exponential on the right-hand side. To see the effect of the
exponential we solve the equation.

Taking Laplace transforms we see that
F(s)=............

F§) == 1)(s:+s+ i)
Because
L{f"(t) +f/(t) + f(t)} = L{¢'} that is (s* + s+ 1)F(s) = _1 7 S0
Fs) = ;

(s—=1)(s2+s+1)
Separating into partial fractions gives

F(s)=.....oo.n..
1 s+2
F) =351 3@ s+ 1)
Because
1 A Bs+C

G-DE1s+D) G6-1) E+s+D)
_A(s>+s5+1)+(Bs+C)(s—1)
(-1 +s+1)

Equating numerators and then comparing coefficients of powers of s
gives

1=A(s>+s+1)+(Bs+C)(s—1)
[2l: 0=A+B 1) So(2)+(3): 1=2A-B
[s: 0=A-B+C (2) 2x(1): 0=2A+2B
[CT: 1=A-C 3) Therefore: —1=3B
soB=-1/3=—-Aand C=-2/3

1 1 s+2
Thus F(s) = G-1)(+s+ 1)=3(s—1)_3(S2+S+1)

Consequently
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f(t)= € %e‘t/z (cos\/?gt + ﬁsinﬁ )

3 2
Because
1 s+2
Fs) = 36—1) 3(s2+s+1)
1 s+3 3

36D () 3(6+D)
So
A g Vet iny3
f(®) =3-3¢ (cos St + \/§smTt)
from the Table of Laplace transforms on page 68.

8000 ~
7000 -
6000 -
5000 -
7o) 4000
3000 -
2000 -
1000 -

0

]

1
Notice that the term §e‘t/ 2 (cos@t +v3 sin‘/Tgt) represents damped

harmonic motion and is called the transient term whereas the term
i

e .
3 represents a steady-state term, so called because as the transient

term decays the steady-state term remains the dominant part of the
solution. The steady-state solution is a direct consequence of the term
on the right-hand side of the differential equation.

Try another one for yourself. The transient and steady-state terms of
the system described by the differential equation

() + 2f'(t) + 5f (t) = €% where f(0) =0 and f/(0) = 1

are  Transientterm ............ Steady-state term ............
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1 S ot t
~13¢ €os 2t + =€ sin 2t, 1362'

Because
Taking Laplace transforms, L{f"(t) + 2f(t) + 5f(t)} = L{e?*'}. That is

[s*F(s) — 1] + 2sF(s) + 5F(s) = ﬁ, that is
1 s—1
2 = —————— T
(s +Zs+5)F(s)_1+S_z T3
s—1 A Bs+C
So thatF(s)_(S—Z)(52+25+5) _s—2+52+25+5' Hence
s—1=A(s®+2s+5) + (Bs + C)(s — 2). Equating powers of s gives

[s%]: 0=A+B
[sl: 1=2A-2B+C
[CT: -1=5A-2C

Solving these three equatlons gives A=1/13, B=-1/13 and
C =9/13 so that

F(s) = 1 _ s—9
T 13(s—2) 13(s2+2s+5)
1 s—-9
= — . That is
13(s—2) 13((5 +1)% + 22)
1 s+1 10
F(s) = - +
Bl-2) 13(s+1)°+22) 13((s+ 1% +22)
Therefore
ft)= ezt ~ L etcosar + > etsin2t
13 13
60 -
50 -
40 4
f(o 30 -
20 -
10 A
0 T T T 1 t
1 2 3 4

Next frame
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Resonance

These differential equations with a function on the right-hand side are
called inhomogeneous differential equations. They represent
systems whose behaviour f(t) is dictated by the structure of the left-
hand side and the forcing function on the right-hand side. If an
undamped and unforced system which exhibits periodic behaviour
has a periodic forcing function applied that has the same period then
resonance will occur and the system will undergo periodic behaviour
with an increasing amplitude. An example will illustrate this.
The differential equation

f"(t) + f(t) = 0 where f(0) = 0 and f'(0) = 1
represents an undamped, unforced system with behaviour

FO) =ieaann...

f(t) =sint

Because
Taking the Laplace transform of both sides of the equation gives
L{f"(t) + f(t)} = L{0} that is s*F(s) — 1 + F(s) = O so that

1 . .
F(s) = 71 8iving f(t) =sint

If the forcing term —2sint is applied to the right-hand side of the
equation it has the same period as the natural frequency of the system
being forced and so resonance will set in. The differential equation to
solve is then

f"(t) +f(t) = —2sint where f(0) = 0 and '(0) = 1
This has the solution f(f) =............
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f(t) =tcost
Because

Taking the Laplace transform of both sides of the equation gives
L{F"(t) + F(D)} = L{~2sint} that is sF(s) — 1 + F(s) = %

50 that F(s) = =~ — —— 2 giving F(s) = =" Now, the

2+1 (s241)° (z 1)
Laplace transform of costis ——— and (—— e
P s2+1 s2+1) (s24+1)%

Therefore f(f) =tcost
40 -

{?\pAAAA,ﬂ
VAT,

—40 -

The system undergoes periodic behaviour with an increasing
amplitude.

You have now reached the end of this Programme and this brings you
to the Revision summary and the Can You? checklist. Following
that is the Test exercise. Work through this at your own pace. A set of
Further problems provides additional valuable practice.

% Revision summary 4
1 Periodic functions
fit)=f({t+nT) n=1,23,... Period = T.

2 Laplace transform of a periodic function with period T
T
Lf®) =1 | - FO

3 Inverse transforms involving periodic functions

g p1fl¥2eF -3¢
& S(1—e)

Expand (1 — e—35)_1 as a binomial series, like

A-x)t=14+x+x2+x3>+...

Multiply out and take inverse transforms of each term in turn. >
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4 Dirac delta function or unit impulse function

£(f) 3(t-a) s(t—a)=0  t#a

Il
8
T
8

0 a t
8 Delta function at the origin

f(t
® a=0 . 6t=0 t#£0
89 =00 t=0.
0 t
6 Area of pulse=1
f(6) q
3(t-a) J 6(t—a)ydt=1
p
| | p<a<gq
0 p a q t

7 Integration of the impulse function
q
[fo-se-ayat=r@ p<a<q
P

8 Laplace transform of §(t — a)
L{§(t—a)}=e*
L{6(t)} =1 because a =0
L{f(t) - 8(t - @)} = f(a) - e
9 Harmonic oscillators
The equation of af”(t) + bf (t) =0, f(0) = « and f'(0) = 8, where a
and b are of the same sign, represents a system undergoing simple
harmonic motion and is referred to as an harmonic oscillator. The

system oscillates with a frequency of \/g radians per unit of time

and with period —— \/_ =27 A 2 units of time. If a first derivative
term is added to the left-hand side of the equation then, provided
all three coefficients have the same sign, the system will undergo

damped harmonic motion. >
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10 Forced harmonic motion
Forced harmonic motion is achieved by the existence of a term on
the right-hand side of the equation giving rise to transient and
steady-state parts of the solution.

11 Resonance
Resonance is exhibited by a system undergoing periodic beha-
viour with a growing amplitude of vibration. Resonance occurs
when a system, whose unforced behaviour is periodic, is forced
with the same period.

¥4 Can You?

Checklist 4

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5, how confident are you that Frames
you can:

e Find the Laplace transforms of periodic functions?
Yes o o o 0o o No

e Obtain the inverse Laplace transforms of transforms of
periodic functions?

Yes ] ] UJ ] ] No

e Describe and use the unit impulse to evaluate integrals?

Yes 0O 0O 0O 0O O No

e Obtain the Laplace transform of the unit impulse?
Yes [ [ O O O No

e Use the Laplace transform to solve differential
equations involving the unit impulse?

Yes | | ] OJ L] No

e Solve the equation and describe the behaviour of an
harmonic oscillator?

Yes O O 0O 0O @O No
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Test exercise 4

1 Determine the Laplace transform of the periodic function shown.

2 Evaluate
(@) re‘3t -6(t—2)dt
0

®) rosinBt-é(t—vr) dt
0

3
© L (262 +3) - 8(t — 2) dt.

3 Determine (a) L{4-6(t —3)}, (b) L{e73-§(t —2)}.
Sketch the graph of f(t) =3-6(t) +4-6(t—2)—-3-6(t—4) and
determine its Laplace transform.

5 Solve the equation % + 6x + 10x = 7 - §(t) given that, att =0, x=-1
and x =0.

6 The equation of motion of a system is
X+3x+2x=3-6(t—4).
At t =0, x =2 and x = —4. Determine an expression for the
displacement x in terms of t.

7 Find the frequency, periodic time and solution for each of the following
harmonic oscillators.
@ f'(t)+f(t) =0 given that f(0) =0 and f'(0) = 1
(b) 6f"(t) + 2f'(t) +9f(t) = O given that f(0) =0 and f'(0) = 3.

8 Find the transient and steady-state solutions of the forced harmonic
oscillator
f"(t) + 2f'(t) + 3f(t) = 4€™ given that f(0) = —2 and f/(0) = 6.
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Further problems 4

1 Iff(t) =asint O<t<m _
o S S resan=ro,

a
@+ DA —em)
2 Iff(t)=asint O<t<m f(t+m)=[(t), determine L{f(t)}.
3 Find the Laplace transforms of the following periodic functions.
@ f@t) =t 0<t<T fE+T)=f(t)
b) f(t)=¢¢ O<t<2r fit+2n) =f(t)

© f(t) =t 0<t<1} F(E+2) = F(B)

prove that L{f(t)} =

=0 1<t<?2
@ fit)=t2 0<t<2 ~
! 2<t<3} F(t+3)=f(t)

4 A mass M is attached to a spring of stiffness w?M and is set in motion at

t = 0 by an impulsive force P. The equation of motion is
M3+ Muw?x =P §(t).
Obtain an expression for x in terms of t.

5 An impulsive voltage E is applied at ¢ = 0 to a series circuit containing
inductance L and capacitance C. Initially, the current and charge are
zero. The current i at time t is given by

di g¢q

where g is the instantaneous value of the charge on the capacitor. Since
dgq

i= ar determine an expression for the current i in the circuit at time t.

6 A system has the equation of motion
X+ 5%+ 6x=F(t)
where, at t =0, x = 0 and x = 2. If F(t) is an impulse of 20 units applied
at t = 4, determine an expression for x in terms of t.

7 Find the frequency, periodic time and solution for each of the following
harmonic oscillators.

(@ 12f"(t) +f(t) = 0 given that f(0) = —1 and f'(0) =2
() f"(t)+12f(t) = 0 given that f(0) = 2 and f'(0) = —1.
8 Solve for each of the following harmonic oscillators.
(@) 4-6f"(t) +2-2f(t) = O given that f(0) = 1-6 and f'(0) = —3-1
(b) V2f"(t) +V3f(t) = 0 given that f(0) = 0 and f'(0) = .

9 Find the transient and steady-state solutions of the forced harmonic
oscillator

4" () + 31 (t) + 2f(t) = €'
given that £(0) =0 and f’(0) = 6.




